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I Abstract. We show that the result from Da Prato and Lunardi 

■ is vahd for stochastic convolutions driven by Levy processes. 

(N 

' 1. Introduction 

CLh ■ 

The aim of the article is to investigate the maximal regularity of the 
Ornstein-Uhlenbeck driven by purely discontinuous noise. In particu- 
lar, let {S, S) be a measurable space, Ehe a Banach space of martingale 
type p, 1 < p < 2, and A be an infinitesimal generator of an analytic 
semigroup (e^*^)o<i<oo in E. We consider the following SPDE written 
, in the Ito-form 

. X J du{t) = Au(t—)dt + Jg^(t]x)fj{dx;dt), 

0> I where fj is a S*- valued time homogeneous compensated Poisson random 

measure defined on a filtered probability space JF; {J-'t)o<t<oo', P) 
O ■ with Levy measure u on S, specified later, and ^ : Q x S ^ E is a pre- 

dictable process satisfying certain integrability conditions also specified 
later. The solution to ([T]) is given by the so called Ornstein-Uhlenbeck 



X 

^ ■ process 



u{t):= / e~^(*-'')^(r,x)f/((ix;rfr), t > 0. 
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2 ZB AND EH FEBRUARY 2, 2008 

Suppose I < q < p. Our main result will be the following inequality 



where Da_{0,p), 9 G (0, 1), denotes the real interpolation space of order 
6 between E and D{A). 

As mentioned in the beginning, if the Ornstein-Uhlenbeck process 
is driven by a scalar Wiener process, the question of maximal regu- 
larity was answered by Da Prato in or Da Prato and Lunardi |^. 
We transfer these results to the Ornstein-Uhlenbeck process driven by 
purely discontinuous noise. 

Notation 1. By N we denote the set of natural numbers, i.e. N = 
{0, 1, 2, ■ ■ ■ } and by N we denote the set N U {+00} . Whenever we 
speak about N (orN )-valued measurable functions we implicitly assume 
that that set is equipped with the trivial a-field 2^ (or 2^). By M.^ we 
will denote the interval [0,oo). If X is a topological space, then by 
B{X) we will denote the Borel a-field on X . By X we will denote the 
Lebesgue measure on (M, i3(M)). For a measurable space {S,S) let Mg 
be the set of all non negative measures on {S,S). 

2. Main results 

Suppose that p G (1, 2] and that E is a. Banach space of martingale 
type p. Let {S,S) be a measurable space and u G Mg. Suppose that 
^ = {Q, T , {J^t)t>o, P) is a filtered probability space, i] : 5xi3(]R+) N 
is time homogeneous Poisson random measure with intensity measure u 
defined over JF, P) and adapted to filtration {J^t)t>o- We will denote 
by f/ = 77 — 7 the to rj associated compensated Poisson random measure 
where 7 is given by 

B{R+) xS3{A,I)^ l{A,I) = iy{A)X{I) g M+. 

We denote by V the a field on 1] x generated by all sets A G 
J^xB{R+), where A is of the form A = F x (s, t], with F e J^s and 
s, t G IR+. If ,^ : n X R_,_ ^ S is V measurable, C, is called predictable. 

It is then known, see e.g. appendix [Bl that there exists a unique 
continuous linear operator associating with each predictable process 
^:R+x S xQ^ E with 

(3) e[ [ \^{r,x)\Pu{dx)dr < 00, T > 0, 

Jo Js 

an adapted cadlag process, denoted by J^^ Jg^(r,x)'f]{dx,dr), t > 
such that if ^ satisfies the above condition (jSj) and is a step process 
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with representation 

n 

where {to = < ti < . . . < t„ < 00} is a partition of [0, 00) and for all 
j, is an J^tj-i measurable random variable, then 

(4) / / ^(r, x)f]{dx, dr) = y2 (dx, {tj_i A t, A t]) . 

Jo Js Js 

The continuity mentioned above means that there exists a constant 
C = C{E) independent of ^ such that 



(5) E| / ^{r,x)fi{dx,dr)\P <CE \^{r, x)\p iy{dx) dr, t > 0. 

Jo Js Jo Js 

One can prov^, see e.g. the proof of Proposition 3.3 in [12j, or The- 
orem 3.1 in [5] for the case q < p, and Corollary IB. 61 in Appendix B, 
that for any q G there exists a constant C = Cq{E) such that for 
each process ^ as above and for alH > 0, 



(6) 



E| / / i{r,x)fi{dx,dr)\'' <CE{ [ [ \^{r,x)\P u{dx) dr)"^^ . 
Js Jo Js 



Remark 1. Let us denote 

HOit) ■= f I i{r,x)fi{dx,dr), t>0 



JS 



m\ ■■= (^jUx)\'y{dx)y\ieL^{S,v-E). 
Then the inequality ^ takes the following form 



E\m{tW<C,{E)E 



( / \mrdr) 



l/p 







This should he (and will he) compared with the Gaussian case. Note that 
in this case ||^|| is simply the L^IS,!^, E) norm of ^. In the Gaussian 
case the situation is different. 

Let us also point out that the inequality ^ for q < p follows from the 
same inequality for q = p. In fact, using Proposition IV. 4. 7 from pU] . 
see the proof of Theorem 3.1 in [3j, one can prove a stronger result. 
Namely that if inequality ^ holds true for q = p, then for q G [l,p) 



The case q £ {p, 00) is different and will be discussed later. 
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there exists a constant Kg > such that for each accessible stopping 
time T > 0, 

(7) E sup <K,E(r imrdtY'. 

0<t<T ^Jo ^ 

Assume further that —A is an infinitesimal generator of an analytic 
semigroup denoted by (e^*^)t>o on E. 

Define the stochastic convolution of the semigroup (e~*"^)(>o and an 
i^^-valued process ^ as above by the following formula 

(8) SC{i){t)=\ [ e'^'-'-^^^{r,x)fi{dx,dr), t>0. 

Jo Js 

Let us recall that there exist constants Co and uq such that 

||e"*^|| < Coe*"", t > 0. 

Without loss of generality, we will assume from now on that ujq < 0. 
Let us also recall the following characterization of the real interpola- 
tion! spaces {E,D{A"'))e^g = {D{A"'),E)i_g^g, where m e N, between 
D{A"^) and E with parameters 6 G (0,1) and q G [l,oo), see section 
1.14.5 in [21j or [7J. If 5 G (0, oo] then 

(D(v4™), E)i_e,, = l^xeE: < ooj . 

(9) (E, D{A"'))^,g = l^xeE: \t"^i^'^) A"'e-'\\''j < ooj . 

The norms defined by the equality (Q for different values of 6 are 
equivalent. 

The space {D{A"^), E)i_0^g = {E, D{A"'))e,g is often denoted by 
-Da™ {0, p) and we will use the following notation 



(10) 



*^In order to fix the notation let me point out that the interpolation functor 
(Xo, 9 & (0, 1), g G [1, oo], between two Banach spaces Xi and such that 

both are continuously embedded into a common topological HausdorflF vector space, 
satisfies the following properties: (i)(Xi, Xo)e,g = {Xq, Xi)i^g^q, (ii) if Xq C Xi, 
< 6*1 < 6*2 < 1 andp,g S [l,oo], then {XQ,Xi)e^^p C [Xq, Xi)g^^q. Roughly 
speaking, (ii) implies that, if Xq C Xi, then {Xa,Xi)^^p \ as \ and 
{Xq,Xi)s,p / Xi as -d / Q. Or equivalently, if Xq C Xi, then {Xi,Xo)e,p \ Xq 
as 6 1 and (Xi,Xo)0,p / as 6* \ 1. See Proposition 1.1.4 in [15] and section 
1.3.3 in [21]. 
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In the general case, one has the following equality but only for 6 G 
(0,oo): 

(11) 

In this case, the formula ffTTl) takes the following form 

rif 

Let us finally recall that if < < m G N, p G [1, C)o] and 9 G 
(0,1), then {E,D{A^))e,p = {E,D{A^))^., see ^21^ Theorem 1.15.2 

(f). Therefore, if p G [1, oo) and 6* G [0, 1 — i), then 

(13) DA{e + -,q) = DA2{l + ^,q) 

p 2 2p 

with equivalent norms. 

Our main result in this note is the following 

Theorem 2.1. Under the above assumptions, for all 9 E (0, 1 — ^), 

there exists a constant C = Cg{E) such that for any process ^ described 
above and all T > 0, the following inequality holds 

(14) 





nSC(f)WIJ,,,„+i,„*<CEj 




^J^i't,z)fDA{e,q)^idx) dt. 



In the Gaussian case and q = p = 2, and E being a Hilbert space, 
the above result was proved by Da Prato in [7]. This result was then 
generalized to a class of so called Banach spaces of martingale type 2 
in P, see also [2], for nuclear Wiener process and in |4J, to the case 
of cylindrical Wiener process. Finally, Da Prato and Lunardi studied 
in [8] the case when p = 2 and q > 2 for a one dimensional Wiener 
process. However, a generalisation of the last result to a cylindrical 
Wiener process does not cause any serious problems. We will state 
corresponding result at the end of this Note. 

Theorem 12.11 will be deduced from a more general result whose idea 
can be traced back to Remark [H 

Theorem 2.2. Let {Q, JF, {J-'t)t>o, P) is a filtered probability space, p G 
(1,2] and q G [p, oo). Let £p be a class of separable Banach spaces 
satisfying the following properties. 
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(Rl) With each space E belonging to the class Sp we associate a 
separable Banach space R — R{E) such that there is a fam- 
ily {It)t>o of linear operators from the class J^^i^^{R{E)) of all 
predictable R{E)-valued processes to L^lfl, J-t,^; E) such that 
for some constant C = Cp > 

(15) E|7,(0r^<C,E( fmrWniE)dr). 

(R2) If E E £p and Ei isomorphic to E, then Ei belongs to £p as 
well. 

(R3) If Ei,E2 e Sp and ^ : Ei ^ E2 is a bounded linear operator, 
then 

m\\RiE:.)<mmRiE,), ^eR{E,). 

(R4) If {Eq, El) is an interpolation couple such that Ei, E2 G Sp, then 
the real interpolation spaces {Eq, -Ei)e,p, G (0, 1), belongs to Sp 
as well. 

(R5) For every 5 > here exists a constant Ks > such that 

(16) I \\r'-'Ae-^^i\\l^^^ - < Km\\u.ie,,)y i ^ R{E). 
(R6) There exists a constant (7^ > such that for all t > 

(17) nm\% < CM f \W)\\\E)drf'\ i e MUR{E))- 

J 

Define another family {SCt)t>o of linear operators from Ai\gJyR{E)) to 
L^lfl, E) by the following formula 

(18) ^a(0 = /*(e-(*-n(-)), t>0. 

Then, for every 9 E (0, 1 — there exists a constant Cq^g{E) such 
that for all T > the following inequality holds 

(19) E f < 

Remark 2. It follows from (i) that if^{r) — rj{r) a.s. for a. a. r e [0,^], 
thenIt{0=h{Tl)- 

Now we shall present two basic examples. 

Example 2.3. Let {^^T, (J?-t)(>o,P) be a filtered probability space, p = 
2. Let H be a separable Hilbert space and let S2 be a class of all 
2-smoothable Banach spaces. With E E S2 we associate the space 
R{E) :— R{H, E) of all ^-radonifying operators from H to E. It is 
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known, see [I7j that R{H, E) is a separable Banach space equipped with 
any of the following equivalent norm^, 2 < q < oo, 

(20) yrn^HM,, '■= E|5^/5,-^e,||, ^ ei?(i/,E), 

j 

{efcjfc be an ONB of H and {Pk}k a, sequence of i.i.d. Gaussian N(0,1) 
random variables. 



Example 2.4. Let (fi, JF, (jFj)4>o,P) be a filtered probability space, p G 
(1,2]. Let {S,S) be a measurable space and rj : iSxi3(M+) 
be a time homogeneous, compensated Poisson random measure over 
(O; .F; P) adapted to filtration {Tt)t>o with intensity v G M_^. Let £p 
be the set of all separable Banach spaces of martingale type p. With 
E & £p we associated a measurable transformation C, '■ S ^ E such that 



Then for g G [p, oo) let 



'o Js 



C,{x) ri{dx, dr) 



q 



3. Proof of Theorem 12.21 

We begin with the case q = p. Without loss of generality the norm 
I ■ \da(0+-,p);1^ defined by formula (|T0|) . will be denoted by | ■ \^^(^g^i^py 

Also, we may assume that exists and is bounded so that the graph 
norm in D{A) is equivalent to the norm \A ■ \. 

By the equality ([T3|) . definition (|TOl) . the Fubini Theorem and formula 
f fTSj) we have 

E/ isam'l .dt<CE \sa(e)\'' .dt 



C r !\\r'^^-'^-^^A\-^^SCm'-dt 
Jo Jo r 

C r [\p^'-'^''E\A^e-'^It{e~^'-^^a-))f—dt 
Jo Jo 



C r [\p^'-'^-'E\It{A^e~'-\'^'-^^a-))\''-dt < 
Jo Jo 



Equivalence of the norms is a consequence of Khinchin-Kahane inequality. 
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By applying next the inequality ( |T5|) . the property (R3), the Fubini 
Theorem, the fact that |y4e~5^| < Cr~^, r > 0, for some constant 
C > as well as by observing that < ^ for t E [u,T], r > 0, we 

infer that 



T 

E 

^0 



U 



\R{E) 



du dt ■ 



dr 



E / \Ae ? 
io 

< aE 



du dt 



dr 



sup (t — M + r) ^ 

0<M<t 



Jo J u ' 



< CpE 



T+l-p 



p+u 



{a + p - t)p^^-^^-^ dr] da dp 



Ae-^^m\liE) [ / {cr + p - rf^'-'^-' dr] da dp 



CpE 



c;e 



T pT+l-p 



JO 



< C"E 



~'0 
T /•T/2 



^0 



da 



< 



T 



where the last inequality is a consequence of the assumption (R5). 

The proof in the case q > p follows the same ideas. Note also that the 
above prove resembles closely the proof from [8j. We give full details 
below. 



February 2, 2008MAXIMAL REGULARITY 9 

We consider now the case q > p. We use the same notation as in 
the previous case. But we will make some (or the same) additional as- 
sumptions. By the equality (fT3l) . definition (ITO!) . the Fubini Theorem 
and formula (fTSl) we have 

Jo Jo s 



Jo Jo ^ 

Jo Jo ^ 
Before we continue, we formulate the following simple Lemma. 

Lemma 3.1. There exists a constant C > such that for all t > 0, 

se (0,1) 

if j^dr)i^' <C , \, 



Proof of Lemma [X71 Denote a = ^ and observe that a > 1. Since 

/o (t-r+s)- dr = Jq dr < dr = and (a - 1)(2 - 

1) = g(l _ i) + 1^ the result follows. □ 



As in the earlier case, by applying the inequality f|T5|) . the property 
(R3), the Fubini Theorem, the fact that |Ae~2^| < Cs^^, s > 0, for 
some constant C > as well as Holder inequality and Lemma 13.11 we 
infer that 



U E[[ ||AV(--n(r)irK(,,cir]''/-cit^ 
Jo Jo ^ 

< CC,E /Ve-^^n|Ae-^^e(r)r«(^)rfr] 
Jo Jo Jo 



< CC,E f s'^^'-'^-l f \Ae-'^^\^^ dr)i 

Jo Jo L -'0 



-1 



^E) df 



, ds 
dt — 

s 
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1 /"* 11 . t-r + s ^ , , . , , ds 



< C'C^eI s^^'-'^-i I — ^ / \\Ae-'-^^^{r)\\l^,^drdt 

Jo Jo p' JO * 



fT /-T+l-p /-p+cr 



(is 



I [[ \\Ae-'^^ar)rn^E)dt]dr^ 
< C'C,E r ' WAe'^^aPni^E) [ {a + p-rY^^-'^-^dr]dadp 

Jo Jo JoV(a+n~l) 



'0 Jo JpV{a+p~l) 
rT /.T+l-p pp+cr 



= C'C.E r '\\Ae-i^i{pW . [ r r'^^'-'^-'dr\dadp 

Jo Jo Jo 

= ^'.^[ \'^^'-'^-'\\Ae~i^i{p)\\l^^^dadp 

< C'^E / \\a'-'Ae-^ap)rn^E)-dp< 

Jo Jo ' ' o 



< 



T 



C':K't/2^ / mr)\\ 

R(DA{0,q)) d'^ 



where the last inequahty follows from Assumption R5. This completes 
the proof. 

4. Stochastic convolution in the cylindrical Gaussian 

CASE 

Assume now that W{t), t > 0, is a cylindrical Wiener process defined 
on some complete filtered probability space (f^,^, (^t)t>o,IP). Let us 
denote by H the RKHS of that process, i.e. H is equal to the RKHS 
of 

Theorem 4.1. Under the above assumptions there exists a constant 
Cq{E) such that for any process ^ described above the following in- 
equality holds 

The proof of Theorem 14.11 will be preceded by the following useful 
result. 

Proposition 4.2. Let us assume that 9 G (0,1), q>l and T > 0. 
Then there exists a constant Kt > such that for each bounded linear 
map if : H ^ E the following inequality holds 
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K-'^WinW' < /"^ f (1-^)5 II 4<=-*^w r — 

J 

In 'particular, tp G R{H, {D{A), E)0^q) iff (for some and/or all T > 
0) the integral /q^ t^^'^^'^pe"*^*/) f is finite. 

Proof of Proposition \4 ■ ^ Let {ek}k be an ONB of H and {/?fc}fc a se- 
quence of i.i.d. Gaussian N(0,1) random variables. It is known, see 
e.g. [I3] that there exists a constant Cp{E) such that for each hnear 
operator cp : H ^ E the following inequality holds. 

(23) C,iE)-'E\J2/3j^e,r^ < ||vp r^(^_^) < C,(X)E| ^ e 

j 3 

We have 

< Cq{E) rt^'-'^'^E\y2(3,Ae~'^pe,\%^ 
•^0 k ^ 

= Cq{E)E rt^'-'^^\y2(3,Ae-'\e,\l,^ 
•^0 k * 

= Cq{E)E\Y,f3kAe-'''pek 



p 

j\E 



\Q 

\DA{e,qy,T 



< CiT)CqiE)\\^\\%^^^^^^,^^^y 

Since DA^'&^q) = {E, D{A))g^g with equivalent norms, this proves the 
second inequality in (122]) . The first inequality follows the same lines. 

□ 



Proof of Theorem ^.i, From Proposition 14.21 we infer that the assump- 
tion (r5) in Theorem 12.21 is satisfied. Since it is well known that the 
other assumptions are also satisfied, see e.g. [3], the result follows from 
Theorem [221 □ 



5. Proof of Theorem 12.11 

We only need to prove a version of Proposition 14.21 with R{H, E) 
being replaced by R{E) := U'{S, u, E). We recall that here the measure 
space {S, S, u) is fixed for the whole section. 
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Proposition 5.1. Let us assume that 9 G (0,1), g > 1 and T > 
0. Then there exists a constant Kt > such that for each ip G 
L^{S, u, E) =: R{E) the following inequality holds 



\\R{iE,D{A))9,,) - / ^ 11"^^ "fWRiE) . 

J 

(24) < ^t||v^|IV,d(A))«„)- 

/n 'particular, (p G R{{D{A), E)0 g) iff (for some and/or all T > 0) 
the integral t^^-'^^'^\\Ae-*^(p\\%^^^f is finite. 

Proof of Proposition 15. ii Follows by applying the Fubini Theorem. □ 

Appendix A. Martingale type p, p e [1,2], Banach spaces 

In this section we collect some basic information about the martin- 
gale type p, p E [1, 2], Banach spaces. 

Assume also that p G [1, 2] is fixed. A Banach space E is of mar- 
tingale type p iff there exists a constant Lp{E) > such that for all 
X- valued finite martingale {Mn}n=o following inequality holds 

N 

(25) supE|M„|P < Lp(E)^E|M„ - M„„i|f, 

n=0 

where as usually, we put M_i = 0. 

Let us recall that a Banach space X is of type p iff there exists a 
constant Kp{X) > for any finite sequence ^i, ...,£„ : Q { — 1,1} of 
symmetric i.i.d. random variables and for any finite sequence Xi, . . . , x„ 
of elements of X, the following inequality holds 

n n 

(26) E\J2e^X^\''<Kp{X)J2\^^\''■ 

i=l i=l 

It is known, see e.g. [HI Theorem 3.5.2], that a Banach space X 
is of type p iff it is of Gaussian type p, i.e. there exists a constant 
Kp{X) > such that for any finite sequence ^i, . . . of i.i.d. A(0, 1) 
random variables and for any finite sequence xi, . . . ,Xn of elements of 
X, the following inequality holds 

n n 

(27) El^e.x.r <irp(X)^|x,r, 

2=1 1 = 1 

It is now well known, see e.g. Pisier ^8] and [19], that X is of mar- 
tingale type p iff it is p-smooth, i.e. there exists an equivalent norm | ■ | 
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on X and there exist a constant K >) such that pxit) < Kt^ for all 
t > 0, where pxif) is the modulus of smoothness of (X, | ■ |) defined by 

px{t) = sup{i(|a; + ty\ + \x - ty\) - I : \x\, \y\ = 1}. 

In particular, all spaces L'' for g > p and g > 1, are of martingale 
type p. 

Let us also recall that a Banach space X it is an UMD space (i.e. 
X has the unconditional martingale difference property) iff for any 
p G (1, oo) there exists a constant Pp{X) > such that for any X 
-valued martingale difference {^j} ( i.e.: is a martingale), for 

any e : { — 1,1} and for any n G N 

n n 

(28) Ei5^6,e,r</5,(x)Ei5^or 

i=i i=i 

It is known, see [5] and references therein, that for a Banach space 
X the following conditions are equivalent: i) X is an UMD space, (ii) 
X is C convex, (iii) the Hilbert transform for X-valued functions is 
bounded in L^(]R, X) for any (or some ) p > 1. 

Finally, it is known, see e.g. [18;, Proposition 2.4], that if a Banach 
space X is both UMD and of type p, then X is of martingale type p. 

Appendix B. Proof of inequality [5] 

In this appendix we formulate and prove inequality O Our approach 
is a sense similar to the approach used in the Gaussian case by Neidhard 
[17j and Brzezniak [2] or in the Poisson random measure in Madrekar 
and Riidiger [I16J. In fact, our main result below can be seen a gen- 
eralisation of Theorem 3.6 from [16] to the case of martingale type p 
Banach spaces. 

Notation 2. By Mg^^_^ we denote the family of all N-valued measures 
on {S X M_,_,5 (S) Bk^) and A^5xm+ ^-^ a-field on M'^^,^^ generated 
by functions is ■ M 3 fn-^ /^(-B) E N, B E S ® Br^ . 

Let us assume that {S,S) is a measurable space, u G is a 
non-negative measure on {S,S) and *p = {Q, J^, {J^t)t>Q,^) is a fil- 
tered probability space. We also assume that t] is time homogeneous 
Poisson random measure over with the intensity measure u, i.e. 
rj : (fi,J-') — ^ (^5,A^5xM+) is a measurable function satisfying the 
following conditions 
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(i) for each B E S ^ vi^) '■= is ° V '■ ^ ^ ^ ^ Poisson random 
variable with parametei|j Kr]{B); 

(ii) T] is independently scattered, i.e. if the sets Bj E S ® 3^+, j = 
1, • • • ,n are pair-wise disjoint, then the random variables r]{Bj), j = 
1, • • • ,n are pair- wise independent; 

(iii) for all S e 5 and / e 0^+, E[r/(/ x B)] = X{I)u{B), where A is 
the Lebesgue measure; 

(iv) for each U E S, the N- valued processes {N{t, U))t>o defined by 

N{t,U) := r/((0,t] x U), t>Q 

is (J?-t)f>o-adapted and its increments are independent of the past, i.e. 
if t > s > 0, then N{t, U) - N{s, U) = r/((s,t] x U) is independent of 

By f] we will denote the compensated Poisson random measure, i.e. a 
function defined by fj{B) = r]{B) — 'K{ri{B)), whenever the difference 
makes sense. 

Lemma B.l. Let p E (1,2] and assume that E is a Banach space of 
martingale type p. If a finitely-valued function f belongs to U'{VL x 
S, J^a® S\¥ ® u; E) for some a E M+, then for any b > a, 

(29) E| / fix)fiidx,ia,b])\l<2'-PL,iE)ib-a)E [ |/(x)|^ z/(^x) 

Js Js 

Since the space of finitely- valued functions is dense in Lp{Qx S, J-'a® 
S;F ^ u; E), see e.g. Lemma 1.2.14 in [H]. 

Corollary B.2. Under the assumptions of Lemma \B. 1\ there exists a 
unique bounded linear operator 

i^a,b) ■■ LP{n X S,J^a®S;¥®iy;E) ^ LP{n, ^, E) 

such that for a finitely-valued function f , we have 

I{a,b){f) = / f{x)fi{dx,{a,b]). 
Js 

In particular, for every f E Lp{Q x S, J-'a ® S;F ^ u; E) , 

(30) E\i^aMf)\E<^'''L,iE)ib-a)K [ |e(x)|| K^x). 

Js 

In what follows, unless we in danger of ambiguity, for every Lp{Q x 
S, J-'a<S)S;F(S)i^; E) we will write Jg^{x)fi{dx, {a,b]) instead of I(^a,b){f) ■ 

^If 'Eri{B) = oo, then obviously ri{B) — oo a.s.. 
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Let X be any Banach space. Later on we will take X to be one of 
the spaces R{H, E) or ^{S, u,E). For a < b e [0, oo] let ^^{a, b; X) 
be the space of (equivalence classes of) predictable functions ^ : (a, b] x 
Q^X. 

For q e (1, oo) we set 

(31) Af''{a,b;X) = i^^ e J\f{a,b;X) : |^(ONt < oo a.s. |, 

(32) M«(a,6;X) = e A^(a,6;X) : |e(i)|«dt < ooj . 

Let N'stcp{o-,b; X) be the space of all C, € f/{a,b;X) for which there 
exists a partition a = to < ti < ■ ■ ■ < tn < b such that for k e 
{!,■■■ , n}, for i e {tk-i, 4], C(^) = C(4) is J^t^.^ -measurable and ^(i) = 
for i e (tn, b). We put Algtep ^ ^-^step- Note that A^«(a, 6; X) 
is a closed subspace of Li{[a, h) x 17; X) ^ Li{[a, b); L'?(fi; X)). 

In what follows we put a — and 6 = oo. For ^ e A4g^gp(0, oo; i/(5', i/; E)) 
we set 



(33) 



n ~ 
.7=1 



Obviously, /(^) is a ^-measurable map from Q, with values in E. 
We have the following auxiliary results. 

Lemma B.3. Let p e (1,2] and assume that E is a Banach space of 
martingale type p. Then for any ^ e Al^^g^(0, oo; 1^(5', u; E)), e 

U'{n,E), E/(0 = and 

POO /» 

(34) E|/(Or < Ll{E)2'-^ / E / \at,x)fj,i.{dx) dt 

Jo Js 

Lemma B.4. Suppose that ^ ~ Poiss (A), where A > 0. Then, for all 

pe [1,2], 

E|e - A|^' < 
Remcirk 3. One can easily calculate that 

E(|e-A|) = 2Ae-\ z/Ag(0,1). 

Theorem B.5. Assume that p G (1,2] and E is a martingale type p 
Banach space. Then there exists there exists a unique bounded linear 
operator 

i : M^iO, oo, LP{S, V] E)) L^'(Q, JT, E) 
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such that for ^ G A^gteplO^ ^o, L^(S', i/; i^^)) we have /(^) = In 
particular, for every ^ e A4^(0, oc, Lp{S, z/; E)), 

(35) E\I{0\1 < 2'-^Ll{E)E / / mx)\lu{dx)dt. 

Jo Js 

Proof of Theorem \B.5[ Follows from Lemma IB.3I and the density of 
M^tepi^, oo, LP{S, z/; E)) in the space Mp{0, oo, Lp{S, z/; E)). □ 

In a natural way we can define spaces A4^^^{0, oo, Lp^S,^; E)) and 
A1P(0, T, LP(5, z/; E)), where T > 0. Then for any ^ G A^L(0, oo, Lp(5, z/ 
we can in a standard way define the integral Jg^{r,x)fj{dx,dr), 
t > 0, as the cadlag modification of the process 

(36) /(l[o,t]0, t > 0, 

where [l[o,t]^](r, x; tu) := l[o,i] (r)^(r, x, o;), t > 0, r E M+, x G S" and 
a; G fi. To show that this cadlag modification exists we argue as 
follows. First of all we can assume that A^^(0, T, Lp{S, z/; E)), for some 
T > 0. Let {^n}neN be an A4^^^p{0,T, Lp^S,^; E))-YaAued sequence 
that is convergent in A4p{0,T, Lp^SjU; E)) to C,. Hence, the sequence 
{^n, "H. G N} is uniformly integrable and so it follows that the condition 
(a) in Remark 3.8.7 from jTU] is satisfied. Similarly, the compact 
containment condition, i.e. the condition (a) in Theorem 3.7.2 from 
|10j . holds true in view of the Prohorov Theorem, since for any t > 
the laws of the sequence {/(l[o,t]Cn), ''^ € are tight in the set of all 
probability measures over E, compare also with [9]. 

Similarly, for a stopping time r we can define and process ^ G 
Xf„^(0, oo, LP{S, z/; E)) and the integral 



(37) / / ar,x)fiidx,dr) := /(l[o,.]0, 
Jo Js 

provided 1[o,t]^ G AiP{0, oo, Lp^S,^] E)). Theorem IB. 51 implies that in 
this case the following inequality holds. 

(38) E| /" /" ^{r,x)f]{dx,dr%<CpE [ [ \^{r, x%u{dx) dr. 

Jo Js Jo Js 

with some constant Cp > independent of C,- 

Proof of Lemma \B. 5t Let us observe that the sequence (M^)^^]^ de- 
fined by Mfc = "^j^i Jg^itj,x)'fj{dx, [tj_i,tj)) is an £^-valued martin- 
gale (with respect to the filtration {J-'tk)^=i)- Therefore, by the mar- 
tingale type p property of the space E and Lemma IB. II we have the 
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following sequence of inequalities 



k\)\E 



n „ 

E|(/(0)|| = E|M„||,<Lp(£;)VE| / e(4,x)r7(rfx,[tfc_i,t 

n „ 

(39) < Ll{E)2^-PY.(tk-tk-i)E \atk,x)\^j,u{dx) 

k=i -^^ 

poo P 

= LliE)2'-P / E / \at,x)rEuidx)dt. 
Jo Js 

This concludes the proof. □ 

Proof of Lemma lBJl Put / = (a, b]. We may suppose that / = fdAixBi 
with fi E E, Ai E Ta and Bi G S, the finite family of sets (Aj x B.^ 
being pair-wise disjoint and v{B^ < oo. Let us notice that 

/ f{x)f]{dx,I) = J2UMB^y<I)f^. 

Since the random variables ^^(-Bj x J) are independent from the a- 
field J-'a, the random variables lAi^jiBi x /) conditioned on J-'a are in- 
dependent and so by the martingale type p property of the space E 
and Lemma IB. II we infer that 

n U{x)f^{dxJ)\^j, = E[E{\J2UMB^y<I)f^\'E\J'a)] 

Js j 

< E[L,(E)^|/,Ul^E|r/(i?,x/)r] 

i 

< L,{E)¥.[Yl\f^\EU.2'-^X{lHB,)] 

i 

= 2'-^L,{E)Y,mxB^)x{mA) 

i 

= 2^-PLp{E)\{I) [ I V/,UxB,rrf(P®//) 
Jnxs j 

= L,iE){b-a)E [ \fix)\li^{dx). 
Js 

The proof is complete. □ 



Proof of Lemma B.4 The case p = 2 is well known. Since ^ > and 
^{0 — Xy case p = 1 follows by the triangle inequality. The 
case p E (1,2) follows then by applying the Holder inequality. Indeed, 
with a = 2(p — 1) and /5 = 2 — p we have the following sequence of 
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inequalities, where rj := \^ — \\. 

E{r]P) = E(r/"/) < [E((r7")2/")]°/2[E((r/^)i/^)]^ 
= [E(r/2)]"/2[E(r/)]'^ < (A)"/2(2A)^ = 

□ 

We conclude with a result corresponding to inequality ([6]). 

Corollary B.6. Assume that 1 < q < p < 2 and E is a martingale 
type p Banach space. Then there exists there exists a constant C > 
such that for any process ^ G ^^[^^(0, oo, ^^(5', z/; E)) L^iVt, JF, E), 
and any T > 0, 
(40) 

E| sup / [ ^{r,x)f]{dx,dr)\'^ <CE{ [ [ \^{r, x)\p u{dx) drf^^ . 

tG[0,T] Jo Js Jo Js 

The proof of the above result will be based on Proposition IV. 4. 7 
from the monograph IB. 71 by Revuz and Yor which we recall here for 
the convenience of the reader. 

Proposition B.7. Suppose that a positive, adapted right- continuous 
process Z is dominated by an increasing process A, with Ao, i.e. there 
exists a constant C > such that for every hounded stopping time t, 
EZr < CEAr. Then for any k G (0, 1), 

E sup Z^ < C'^EA'^. 

Proof of Corollary \B. (A Let now fix q G Put k = q/p. We will 

apply Proposition IB. 71 to the processes Zt = \ Jg^{r,x)fi{dx,dr)\^ 
and At = \^{r, x)\^ v{dx) dr, t G [0, T]. Let us notice that in view 
of inequality (l38!l . the process Z is dominated by the process A. Since 
Z is right continuous, suPq<«2- = supo<t<j' | J^^ Jg^{r,x)fi{dx,dr)\'^^ 

and A^ = (J^ J^\^{r,x)f^i'{dx) dr) , we get inequality (HOl) . This 
completes the proof of Corollary IB. 61 □ 
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